Abstract. The work deals with the issues of modelling of multiscale composites. A group of composite structures with a quasi-fractal geometry has been defined. In order to model their dynamic properties, a simple engineering method has been proposed. It takes into account not only the parameters and proportions of the components of the composite, but also their mutual arrangement. The proposed method is demonstrated on several examples and its accuracy has been compared with the finite element method and the homogenization method.
Introduction

Discussion of the problem
The problem of searching the entire spectrum of natural frequencies for composites is a difficult issue both numerically and analytically. The internal microstructure of the composite has an increasing influence on the sequential natural frequencies. The sequential forms of natural vibrations are usually periodic or quasi-periodic. The length of their periodicity is of the order of the size of the characteristic microstructure of the examined structure.
The majority of the approximate methods requires the size of the concerned body to be much larger than the size of its microstructure [1] or the estimated displacement field to be described by a slowly varying function in an area of the microstructure [2] . These conditions preclude the direct application of approximate methods to the considered issue.
Composite materials are increasingly used in the modern construction industry. Very often their structure is inspired by nature [3] or complicated mathematical solutions [4] . In this work, the band plate of the quasi-fractal structure will be considered. It can be used for example as roof panels which combine functionality A. Wirowski 154 and aesthetics. In such applications, different materials are used, most often light transmission glass or a steel or an aluminum matrix to provide durability and strength.
Definition of quasi-fractal materials
Let 3
R Ω ∈ be a body occupying a limited area. In this body we determine a subdivision , Λ ⊂ Ω which is characteristic for a given structure, and we call it a basic cell. Let ( ) 1 2 3 , , Z z z z = ∈ Λ and ( ) 1 2 3 , , i Y y y y = ∈ Λ ɶ be points in the physical space 3 .
R Let ( ) F Z be a function that defines all the local physical parameters of the body at the point . Z By i Λ ⊂ Ω ɶ we denote the similar and scaled area in relation to the Λ satisfying the following conditions:
where i R κ ∈ is a number representing the similarity scale between cells Λ and .
The body will be called quasi-fractal if we can find such a basic cell Λ and we choose such a series of similarity scales κ i and we define such a series of subareas i Λ ɶ for that the following conditions are satisfied
This means that the whole composite can be divided into cells similar to each other with similarity scales .
The examples of such structures are shown in Figure 1 . In contrast to the standard fractal definition, such structures are always finite and in practice they can be used to create engineering constructions.
Fig. 1. Examples of quasi-fractal structures
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Subject, purpose and scope of the paper
The subject of this paper is a quasi-fractal plate band. The aim of this work is to establish a simple and as precise as possible analytical method to find many natural frequencies of such a band. It is based on finding a replacement property of the plate band taking into account basic cell properties and the structure of the whole composite. As a result, every quasi-fractal structure can be reduced to the corresponding periodic structure by adopting 1 . 2. Derivation of replacement properties of the plate band taking into account the structure of the material
Assumptions
We assume that the frequency of free vibrations of the plate band of the quasifractal construction p Ω depends mainly on the structure and the material properties of its basic cell, and the macroscopic dimensions of the band and its support conditions, and to a lesser degree, on the distribution of cells and their mutual scale similarities. Therefore the following reasoning has been carried out. Let us take the band plate of the quasi-fractal construction and the corresponding band plate of the periodic construction p Ω constructed in such a way that the basic cell of the band plate of the quasi-fractal construction is identical to the periodicity plate band, and a length L of the periodic plate band could be freely adopted so as to satisfy the condition L>>λ, where λ is the size of the periodicity cell. For the above plate
band Ω p we determine the averaged replacement material properties taking into account the influence of the microstructure size. We assume that the obtained averaged moduli describe the properties of the corresponding plate bands of the quasi-fractal construction Ω with good approximation.
Tolerance averaging technique
The replacement plate band of the periodic structure p Ω will be modeled using the tolerance averaging technique (TAT). It is a known method of modelling microstructured materials which was proposed by Woźniak and Wierzbicki in [6] and it has been used with success in many engineering applications for materials of periodic structure [7] and functionally variable structure [8, 9] . It allows one to consider the effect of the material microstructure on the macroscopic properties of the composite [10] . We mention some basic concepts of this technique, e.g. averaging operator, a tolerance parameter, a tolerance periodic function, a slowly varying function, a highly oscillating function. These definitions will hold for the one-dimensional case. The important concept of the TAT is the averaging of an arbitrary integrable function ( ) f ⋅ over the cell ( )
The fundamental concept of the tolerance averaging technique is that values of functions that belong to region Π can be determined only within a certain accuracy .
δ Let δ stand for an arbitrary positive number and X be a linear normed space. The tolerance relation ≈ for a certain δ is defined by
where δ is said to be the tolerance parameter.
Π will be called the tolerance periodic function (with respect to cell ∆ and tolerance parameter δ ),
the following conditions hold
Π will be called the slowly varying function (with respect to the cell ∆ and tolerance parameter δ ),
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It can be observed that the periodic approximation
Π will be called the highly oscillating function (with respect to the cell ∆ and tolerance parameter δ ),
and for 1,..., k α = these functions satisfy the conditions
If 0 α = , then we denote
We denote by ( ) φ ⋅ a highly oscillating function, 
The set of all fluctuation shape functions of the 2nd kind is denoted by 2 ( , )
, where 0 µ > is a certain tolerance periodic function.
In order to derive averaged model equations, we apply the tolerance averaging approach. The first assumption in the tolerance modelling is the micro-macro decomposition of the displacement field 
The modelling assumption states that 0 ( , )
A V x t are slowly varying 
y t w x t h y V x t w y t w x t h y V x t h y V x t w y t w x t h y V x t
for every x ∈ Π , almost every ( ) y x ∈ ∆ and every 0 1 ( , ) t t t ∈ . TAT also defines many assertions. For the purpose of this paper we quote the most important:
Derivation of the replacement properties of the composite taking into account its structure
The starting point of the modelling procedure is the thin plate equation according to Kirchhoff's theory which for the plate band can be written as ( )
,11 ,11
where:
( ) 
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The second equation has been formulated through the orthogonalization method by multiplying equation (17) by a test function g, and then by averaging and transforming it, we obtain the following form 0 ,11 ,11 ,11 ,11
Dg w Dg g V gg V pg
Equations (19) and (20) form the equation system of the tolerance averaging technique model. We assume that there is no external force and reduce the problem to the free vibration ( ) ( )
Moreover, assuming that the periodic plate band p Ω can be built freely to make its length sufficiently large in relation to the size characterizing the microstructure, we can conclude that the microstructure goes to zero 0 λ → . Therefore the model equations are simplified to the form:
,11 ,11 ,11
From the second equation we can determine the unknown V ɶ and substitute it into the first equation to receive only one equation defining the vibration of such a structure:
When comparing this equation with the classic equation that describes the vibrations of a homogeneous plate band, we can define the replacement moduli characterizing the analyzed structure: 
Replacement material properties in the asymptotic homogenization
The obtained effective moduli will be compared with standard solutions derived from asymptotic homogenization. On the basis of this theory, the effective material properties of the medium can be defined either in advance or afterwards respectively as the arithmetic and harmonic average, accordingly, taking into account the amount of the individual components in the composite.
( )
This dependency will be used to determine the accuracy of the numerical results obtained from the proposed model. Finally, the value of K eff will be calculated as the arithmetic average of K h and K a .
Numerical examples
Material and geometrical data
In order to illustrate the proposed method, in Table 1 , some numerical examples were shown. Physical properties of the materials used are shown in Table 1 . Table 1 Physical properties of materials used in the examples The following notation is introduced: ω FEM is the reference frequency calculated from FEM, the vibration ω h is frequency obtained from analytical formulas (27), (28) and (31), respectively. The dependence of the accuracy of the solution obtained from the proposed method (continuous line) and asymptotic homogenization methods (dashed line), depending on the number of the subsequent values of free vibrations will be shown in Figures 4, 7 and 9 respectively for every example.
Quasi-fractal symmetrical structure -Example 1
The first example is a plate band fully fixed on both sides, made from glass and aluminum as shown in Figure 2 . The overall length of the band is L = 10 m, the thickness h = 0.1 m. 
We use the classic solution derived for a homogeneous plate band:
In Figure 3 , we can see the best estimate of the value for the selected number of natural frequencies and their corresponding forms. In Figure 4 we show the accuracy of approximation for the first 17 natural frequencies. We can see that the classic asymptotic homogenization method underestimates the results, while the accuracy of solutions of the proposed hybrid method oscillates within the range of +/-7%. 
Quasi-fractal antisymmetrical structure -Example 2
The second example is a left-fixed bracket plate bands made of glass and aluminum as shown in Figure 5 . The overall length of the band L = 20 m, the thickness h = 0.1 m. We use the classic solution derived for a homogeneous bracket band plate:
whereα is defined by ( ) 
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Periodic structure -Example 3
A slightly different situation occurs in the case of periodic systems. Here, due to the absence of multiscale effect the influence of the microstructure, size becomes visible only for the higher, above 10 order, free frequencies. Let us consider a simply supported plate band composed of three materials: glass, steel and aluminum of the total length L = 15 m and the thickness h = 0.1 m as shown in Figure 8 . 
We use the classic solution derived for a homogeneous plate band 
In this case we are not dealing with the multiscale structure, and the proposed hybrid method gives slightly worse results. Let us look at Figure 9 . For the first eight free frequencies, the homogenization method gives much better results than the hybrid method. At around the ninth free frequency the accuracy of the homogenization method breaks down due to the increasing influence of the microstructure size. The hybrid method is more accurate for the 10 th -14 th frequencies. 
